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Syllabus for doctoral students in  Economics and Management 
Linear algebra and calculus. 

 
Some hints are given by means of references to the slides used in the lectures and their paragraphs; please let 
me know whether you find some inconsistency / misprint. 
In general, no proof of theorems or propositions is required. 
 

Linear Algebra 

LINEAR SYSTEMS (la01)  Elementary row operations (1.2), row equivalent matrices, row echelon form 
(1.3), reduced row echelon form (or canonical form) (1.4). Solving a linear system (1.5), three possible cases: 
no solution, one solution, infinite solutions. Homogeneous systems (1.6). Problems 1 – 8  
MATRICES (la02) 
definition and basic properties. Elementary operations on matrices: matrix addition and multiplication by a 
scalar. Matrix product (matrix – vector product as a particular case) (2.1). Matrix form for linear systems,  

=Ax b  (2.2). Particular matrices: triangular, diagonal, identity. Inverse of a matrix, inverse of the product  
1 1 1( )− − −⋅ = ⋅A B B A  (2.3),  finding inverses by elementary row operations (only examples 2.5.2 and 2.5.3 in 

paragraph 2.5). Criteria for invertibility (2.6). Solvability of a linear system and invertibility of the coefficient 
matrix (2.7).  Problems 1, 2, 6 (a, b, c, d), 7, 8. 
DETERMINANTS (la03) 
Cofactors, Laplace rule, (3.2). Determinant of a triangular and diagonal matrix (3.3). Elementary row 
operations and determinants (3.4). Determinant of the product, | | | | | |⋅ = ⋅A B A B , Determinant of the 
transpose and of the inverse, properties of determinants (3.5). Adjoint and inverse matrix (Proposition 3L of 
3.7), Cramer’s rule (Proposition 3M of 3.7). Problems 1, 2, 3, 4, 9, 10. 
VECTORS (la04) 
Vectors in 2

ℝ  and in 3
ℝ : vector addition and scalar multiplication, norm and distance, scalar product, 

orthogonal vectors, graphical representation (paragraph 4.2, excluded propositions 4E and 4F, paragraph 4.3, 
excluded propositions 4E’). Problems 1 – 4. 
VECTOR SPACES (la05, la06) 
Real vector spaces (5.1), subspaces (5.2), linear combination (5.3), linear dependence and independence (5.4), 
unit vectors je , basis and dimension (5.5). Problems for chapter 5:  1,2,3, 4, 6. Matrices and Vector spaces: 

row spaces (6.1), (6.2), rank (6.4), nullspace (6.5, excluded proposition 6D). Solution of a non – homogeneous 
system =Ax b : vector b is a linear combination of the columns of A (Rank of A  = rank of |A b : Rouché-
Capelli theorem as proposition 6F) (6.6 excluded proposition 6G). Problems 1, 2. 
LINEAR TRANSFORMATIONS (la08) 
Matrix representation of a linear transformation, images of the unit vectors je  of the standard basis, Image of 

an arbitrary vector (8.1). Some examples of linear operators and linear transformations. Kernel and range of a 
linear transformation (8.6). 
 



Functions of a real variable 

(CalcI_Complete.pdf) 

Domain (examples on pag.8 and 10), composition (pag. 12) exponential and logarithmic functions (pag. 53, 
54, 56, 57) some elementary graphs (pag. 68 – 78). Limits: definition (pag. 91), left and right limits (pag. 
101), properties (pag. 107, 108), Squeeze Theorem (pag. 118), infinite limits (pag. 121), limits of polynomials 
(pag. 133, 134). Indeterminate forms (pag. 341). Continuity (pag.148), derivatives (pag.172), linearity of 
derivative (pag. 183), product and quotient rule (pag. 191, 192). Derivative of the elementary functions: 

, , log , sin , cos , tanx
ax a x x x xα  (summary.pdf). Chain rule (pag.221) Derivative of order  2, ,k⋯  (pag. 

254). Theorems of Rolle and Lagrange (or mean value) (pag. 305 – 307). De l’Hôpital rule (pag. 342). 
Increasing and decreasing functions and the sign of ( )f x′  (pag. 287) , local (relative) and global (absolute) 

minimum and maximum (pag. 273), concave and convex functions, inflection point and the sign of ( )f x′′  
(pag. 296, 297). Second derivative test for a critical point (pag. 300). Graph of a function . Taylor polynomials 
and formula (CalcII_Complete.pdf, pag. 270, 271). Linear approximation and higher order approximation. 
INTEGRALS. Area Problem and definite integrals, Riemann sum (pages 407 – 417). Antiderivatives, table of 
antiderivatives, Fundamental Theorem of the Integral Calculus (fyc09,  9.4, 9.5 propositions 9C, 9D, 9E, 9F, 
9G, 9H). Mean value theorem (fyc09, proposition 9K). Integration by parts (fyc10.pdf, 10.2, pag. 6, 7) and 
integration by change of variable (substitution) (fyc10.pdf pag. 2,3,4 see examples 10.1.4, 10.1.5, 10.1.6). 
Extension to the case of an unbounded domain: [ , [a +∞ , ] , ]b− ∞ , ] , [− ∞ +∞  and to the case of an 

unbounded function, for instance with ] , ]x a b∈  andlim ( )
x a

f x
+→

= +∞ . (fyc13)  Problems: fyc10, 1: c, d, p, r, 

s, t, u, v, bb, dd; 2: a, b, d, e, f, j.  
 
Functions of several real variables 
(CalcIII_Complete.pdf) 

The space 3
ℝ , Cartesian coordinates, distance (pag. 3,4), equation of a plane (pag. 16) and equation of a 

surface. Some examples of surfaces with second degree equation (quadric surfaces), graph of a function of 
two variables, domain, level curves (pag. 18 – 29), partial derivatives (pag. 68 examples on pag. 70 and 73), 
gradient (pag. 100), higher order partial derivatives (pag. 81), differentials, chain rule (pag. 85, 86),  
Directional derivatives, gradient and maximum rate of change, the gradient is orthogonal to the level curve  
(pag. 96, 98, 100, 102, 103) tangent plane and linear approximation (pag. 106 – 108). Critical or stationary  
point, necessary condition for a local minimum / maximum point (pag. 112, 113). Saddle point, Hessian 
matrix and sufficient conditions for a local minimum / maximum point (pag. 115). Extreme values theorem 
(Weierstrass) (Pag. 121). Absolute extrema (pag. 122), Taylor polynomials and formula (handouts). 
Constrained optimisation. Equality constraints and Lagrange Multipliers, Lagrange function. First and second 
order conditions (pag. 129 and handouts). 
Integral of a function of two variables, geometric interpretation (pag. 141), properties (pag. 152). Computing a 
double integral: Fubini theorem for a rectangular domain (pag. 144). Examples: pag. 145. Extension to a more 
general region (pag. 151), examples (pag. 152 – 157).  
 


